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Abstract

Irregular coloring was introduced by Radcliffe
and Zhang in 2006. Irregular coloring follows the
condition: (i) proper coloring, (ii) distinct vertices
have distinct color codes. The irregular chromatic
number denoted by x;,-. In this paper, we find the ir-
regular chromatic number for the graphs, M (nW,,),
T(nWy,), L(nWy,), C(nWy,), M(nFy), T(nFp),
L(nF,,), C(nF,), S(G) and u(G).

2000 Mathematics subject classification: 05C15.
Keywords: irregular coloring, middle graph, total graph,
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1 Introduction

In this paper we consider only simple, undirected and con-
nected graphs. For a positive integer k and a proper color-
ing ¢ : V(G) — {1,2,...,k} of the vertices of a graph G,
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the color code [9] of a vertex v of G (with respect to ¢) is
the ordered (k + 1)-tuple code.(v) = (ag, a1, ...ay) where
ap is the color assigned to v (that is ¢(v) = ag) and for
1 <i < k, a; is the number of vertices adjacent to v that
are colored 1.

The coloring ¢ is called irregular[8] if distinct vertices of G
have distinct color codes. The irreqular chromatic number
of G is denoted by i, (G).

Let G be a graph with vertex set V(G) and edge set E(G).
The middle graph (2] of G, denoted by M(G) is defined
as follows: The vertex set of M(G) is V(G) U E(G). Two
vertices z,y of M(G) are adjacent in M (G) in case one of
the following holds:

(i) z,y are in E(G) and z,y are adjacent in G.

(ii) z is in V(G),y is in E(G), and z,y are incident in G.
The total graph [14] of G, denoted by T'(G) is defined

as follows: The vertex set of T'(G) is V(G) U E(G). Two

vertices x,y of T(G) are adjacent in T'(G) in case one of
the following holds:

(i) z,y are in V(G) and x is adjacent to y in G.

(ii) z,y are in E(G), =,y are adjacent in G.

(iii) z is in V(G) and y is in E(G), and z,y are incident in
G.

The central graph [14] C(G) of a graph G is obtained
from G by adding an extra vertex on each edge of G, and
then joining each pair of vertices of the original graph which
were previously non-adjacent.

The line graph [4] of G denoted by L(G) is the graph
whose vertex set is the edge set of G. Two vertices of L(G)
are adjacent whenever the corresponding edges of G are
adjacent.
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Radcliffe and Zhang were introduced the concept irreg-
ular coloring in [8] and discussed the irregular chromatic
bounds for the disconnected graph in [9]. The following
papers [1, 6, 10, 11] are given some more results on irregu-
lar colorings. The neighbourhood of a vertex u in a graph
Gis N(u) = {v € V(G) : wv € E(G)}. In this paper, we
have considered the following useful result from [7].

Let ¢ be a (proper) coloring of the vertices of a nontriv-
ial graph G and let u and v be two vertices of G then

Ifc(u)# c¢(v), then code(u) # code(v). "
1
Ifd(u)# d(v), then code(u) # code(v).
(2)
Ifcis irregular and N(u)=N(v), then c(u)# c(v).
3)

A wheel graph W, [12] is defined as the graph K + C,,
where K is the singleton graph and C), is the cycle graph
on n vertices.

An n-wheel graph is a graph that can be constructed
by nC, + K1, for m > 3, n > 1. It consists of n copies of
cycle of order m, where the vertices of all cycles are joined
to a common hub and is denoted by nW,, with size 2mn
and order nm + 1.

An n-fan graph is a graph that can be constructed by
nP, + K1, for m > 3, n > 1. It consists of n copies of path
of order m, where the vertices of all paths are joined to a
common hub and is denoted by nF,.
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For each point v of a graph G, take a new point v'. Join
v’ to all points of G adjacent to v. The graph S(G) thus
obtained is called the Splitting graph [3, 13] of G.

Consider a graph G with V(G) = {v1,v2,...,v,}. Ap-
ply the following steps to thegraph G

1. Take the set of new vertices U = {uy,u2,...,u,} and
add edges from each vertex u; of U to the vertices v;
if the corresponding vertex v; is adjacent to v; in G,

2. Take another new vertex u and add edges to all ele-
ments in U.

The new graph thus obtained is called the mycielski graph
or mycielskian of G and is denoted by u(G) [3, 5.

2 Irregular Coloring of middle graph,
total graph, central graph and line
graph of n-wheel Graph

Theorem 2.1. For m > 4 and n > 1, the irregular chro-
matic number of n-wheel graph is xir(M(nWp,)) = mn+1.

Proof. The vertex set V' [M (nW,,)] = {x,ag,eg,fij,g{m :
1 <j<n,1<i<m}, where eg are the vertices on the
edges a:a'z for1<j<n,1<i<m, fg are the vertices on
the rim edges a{a{H of nWp, for1l1<j<n,1<i<m-1
and gf,. are the vertices on the rim edges a}al, of nW,, for
1<5<n.
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Consider the (mn + 1)-coloring for the given M (nW,,) as
follows:

e r=1
° ei:k%—lforlgkgm
° ei_m=k+1f0rm+1§k§2m

° ei_2m=k+1for2m+1§k§3m

® €p (n1ym =k +1for m=1)m+1<k<nm
eFori<i<m,1<j<nal =1

e gt =k+nm-1)for1<k<n

e fl=k2<k<m-1
f,?_(m_l)zkformgkgﬂm—l)

o fi ogm_1y=kfor2m—1<k<3(m-1)

* S (n-1)m-1) = kfor (m —1)n—m+2 <k <n(m-
1)
o fl=mn+1

Al (f7) # d (ef) which implies that code (f7 ) # code (e!).
Hence, xir (M (nWp,)) < mn+1. The set {a:,e'z 1< j<n,

1 < i < m} produce a clique of order mn + 1. Therefore,
Xir(M (nWp,)) > mn + 1. Thus, x; (M (nW,,)) = mn + 1.
|
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Theorem 2.2. For m > 4 and n > 1, the irregular chro-
matic number of n-wheel graph is xi (T (nW,,)) = mn + 1.

Proof. The vertex set V [T (nWp,)] = {x,a‘g, eg, fg,g{m :
(1<j<n),(1<i<m)}, where eg are the vertices on the
edges za] for (1 <j<n),(1 <i<m), f] are the vertices
on the rim edges aqagﬂ of nW,, for (1 <j<n),

7

(1<i<m~—1) and g},, are the vertices on the rim edges
alaly, of nW,, for (1 < j <n).

Consider the (mn + 1)-coloring for the given T(nW,,) as
follows:

r=1

e}czk—i—lforlgkgm
e%im:k—l—lform—{—lgkg%n
6272m:k+1for2m+1§k§3m
€h—(n—1)ym = Kk + 1 for (mn—1)m+1<k<nm
g, =k+nm-—1)for1<k<n
fl=k2<k<m-1

flgf(mq) =kform<k<2m-1)

i gmeyy =k for 2m —1 <k <3(m 1)

St n—1ym—1y = k for (m = 1)n—m+2 <k < n(m—

1)
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fi=mn+1
° ai:k+2f0r1§k§m
° a%fm:k—l—2form+1§k§2m

° a%iQm:k+2f0r2m+1§k§3m

® A (y 1)y, =k +2for m=1m+1<k<mn-1
o al =2.

AlLd(f7) = d(al) but code (f7) + code (af), all a's
are adjacent to z but all fij/s are not adjacent to x. Hence,
Xir(T(nW,,)) < mn+ 1. The set {m,eg 1< <n,

1 <i < m} produce a clique of order mn + 1. Therefore,
Xir(T'(nWy,)) > mn+1. Thus, i (T(nWy,)) = mn+1. O

Theorem 2.3. For m > 4 and n > 1, the irregular chro-
matic number of n-wheel graph is xi(L(nW,,)) = mn.
Proof. The vertex set V' [L (nW,)] = {ez, T gl
1<j<n,1<i<m}, where e'z are the vertices convertion
of these edges za] for 1 < j < n, 1 < i < m, f] are
the vertices convertion of these rim edges a’a] 41 of nWi,

for1 <j<n,1<i<m-—1andg], are the vertices
convertion of these rim edges ajal, of nW,, for 1 < j < n.
Consider the mn-coloring for the given L(nW,,) as follows:

° =kforl1<k<m

el =
° e%_mzkform+1§k§2m
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° ez_zm:kfor2m+1§k§3m

® €p_(n_1)m = k for (n—1)m+1<k<nm
e g =k—1+nm—-1)for1<k<n

e fi=k—-1,2<k<m-1

o flfi(mil):k—lform§k§2(m—1)

o fi gy =k—1for2m—1<k<3(m-1)

* fi—m—nym-1y =k —1 for (m—1)n—m+2<k<
n(m—1)

o fl=mn.

Alld (ff) #d ( ) which implies that code (f]) 2 code (ef)
Hence, xir(L(nWp,)) < mn. The set {ei :1<j<n,

1 < i < m} produce a clique of order mn. Therefore,
Xir(L(nWy,)) > mn. Thus, x;(L(nW,,)) = mn. O

Theorem 2.4. Form,n > 3, the irregular chromatic num-

ber of n-wheel graph is xir(C(nWp,)) =n [%].

Proof. The vertex set V [C' (nW,,,)] = {x,al,el,flj,glm :

1<j<mn, 1<i<m}, where ¢/ are the vertices on the
edges :caj for 1 < Jj<n, 1<i<m, f] are the vertices on
the rim edges ag a; g of nWpfor1<j<n, 1<i<m-—1

and g, are the vertices on the rim edges a}al, of nW,, for
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1<j<n.
The coloring procedure of C(nW,,) as follows:

e =1
For m = 3,4,
T
|
e gf =2for3<k<n
For m > 5,
og'fm:n[%] forl1<k<n-1
o gn =1
Case 1: m is even
o fl=n(Z)forl1<j<n-1,1<i<m
o fl=n(Z)forl1<i<m-—2
o fm=1In1=1
° e%k_lzk—{—lforlgkg%

° e%k_1=%+k+1f0r1§

S E

k<
k<

w3

° e§k71=m+k+1for1§

ecy =n-1DF+k+1for 1<k<Z -1

(
® g =2
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oe%k=k+2for1§k:§%

° e%k:%+k+2for1§

3

f3

k <
° eg’k:m+k+2for1§k§

e, =n-1)F+k+2for1<k< T -2
® o =2

e e =3

eal, =kforl1<k<

w[3

ead =D tkforl<k<Z
k

° ag’k_lzm—ﬁ-kforlg

oagkz(n—l)%+kfor1§k§%
Case 2: m is odd
o fl=n[2]for1<j<n-1,1<i<m

o fl=n[Z]for1<i<m-1
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fm=1
e%k_1:k+1for1§k§[21
e =2 +k+1for1<k<]|

7]
€1 =2[2]+k+1for 1 <k<[Z]

ey, = (n—1) ’_%]—Fk‘%—lforlgkg {%]_1

en =2
ey =k+2for 1 <k<|Z]

2, =[2]+k+2for 1<k< |2
3 =2[2] +k+2for 1<k< |2

eB=m-1)[2]+k+2for 1 <k<|Z|-1

Ay y =k for 1<k < [5]

a3y = [%-‘ +Ekforl1<k< [mw

a1 =Mm—-1) 2] +kfor 1 <k<[Z]
ay, =kfor 1 <k<|Z]

a3, = [B] +kfor 1 <k < |2
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° a%k:2[%]+kfor1§k§ L%J

e afy =(n—1)[%]+kforl <k<|%

Alld (af) # d (¢ ) which implies that code (a ) # code (/).
It is clear that the above coloring is an irregular coloring.
Hence, x;r(C(nWy,)) < n[%]. The set {aéi_l :1<j<n,
1<i< [%]} produce a clique of order n [%1, thus
Xir(C(nWp,)) > n [%1 Therefore, x; (C(nWy,)) =n {%]

O

3 Irregular Coloring of middle graph,
total graph, central graph and line
graph of n-fan Graph

Theorem 3.1. For m > 4 and n > 1, the irreqular chro-
matic number of n-fan graph is x;(M(nkFy,,)) =mn + 1.

Proof. The vertex set V [M (nF,,)] = {x,af,ef,fij :

1 <j<mn,1<i<m}, where ¢! are the vertices on the
edges za] for 1 < j <mn, 1 <i<mand f] are the vertices

on the rim edges agaZH of nF, for1 < j<n, 1<i<

m — 1.
Consider the (mn + 1)-coloring for the given M (nF,,) as
follows:

e =1

k+lforl<k<m

el =
° ei_m:k+1form+1§k§2m
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° ez_Qm:k+1for 2m+1 <k <3m

® €p (y1ym =k +1for m=1)m+1<k<nm
° Forlgigm,lgjgnagzl

o fl=k2<k<m-1

o fr (m_y) =k form <k <2(m—1)

i f,§_2(m_1) =kfor2m—-1<k<3(m-—1)

* S (n-t)m-1) = kfor (m —1)n—m+2 <k <n(m-
1)
o fl=mn+1.

Alld ( fij ) +d (ef ) which implies that code ( fg ) = code (ez )
Hence, xir(M(nFy,,)) < mn+1. The set {x,eg 1< <n,
1 < i < m} produce a clique of order mn + 1. There-
fore, xi(M(nF,,)) > mn + 1. Thus, x;(M(nF,)) =
mn + 1. U

Theorem 3.2. For m > 4 and n > 1, the irreqular chro-
matic number of n-fan graph is xi(T'(nFy,)) = mn + 1.

Proof. The vertex set V [T (nFy,)] = {x,ag,eg,fg :

1<j<n,1<i<m}, where ez are the vertices on the
edges za] for 1 < j <mn, 1 <i<mand f] are the vertices
on the rim edges aja], , of nFy, for 1 < j <mn, 1 <i <
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m — 1.
Consider the (mn + 1)-coloring for the given T'(nF,,) as
follows:

e =1

eci=k+1lforl<k<m

° ez_m:k+1form+1§k:§2m

ec , =k+1lfor2m+1<k<3m

. 62_(n_1)m=k+1for (mn—=1)m+1<k<nm
o fl=k2<k<m-1

o f7 (1) =k form <k <2(m-—1)

o fi gm_1y=kfor2m—1<k<3(m-1)

* fi-n-1)(m-1) = K for (m—1n-m+2<k<n(m-—
1)

o fl=mn+1

ea,=k+2for1<k<m

eal =k+2form+1<k<2m

e a} , =k+2for2m+1<k<3m

. GZ_(n_l)m:k+2f0r m—1m+1<k<mn-1
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o an =2.

Alld (f7) = d(al) but code (/) # code (af), all al's

are adjacent to x but all ff 's are not adjacent to z. Hence,

Xir(T(nE,,)) < mn+ 1. The set {x,eg 1< <,

1 < i < m} produce a clique of order mn + 1. Therefore,
Xir(T'(nFy,)) > mn+ 1. Thus, xir(T(nFy,)) =mn+1. O

Theorem 3.3. For m > 4 and n > 1, the irreqular chro-
matic number of n-fan graph is x;(L(nF,,)) = mn.

Proof. The vertex set V' [L (nFy,)] = {e{,fg :1<j5<n,

1 < i < m}, where ez are the vertices convertion of the
edges xag for1<j<n, 1<i<mand ff are the vertices
convertion of the rim edges aal, , of nF,, for 1 < j < n,
1<i<m-1.

Consider the mn-coloring for the given L(nF),,) as follows:

oe}ﬁ:kforlgkgm

eiim:kform+1§k§2m

ez¥2m:kfor2m+1§k§3m

eZ—(n—l)m =k for (n_ 1)m‘|‘ 1<k<nm

g/fm:,lg—l—l-n(m—l)forlgkgn
e fl=k-1,2<k<m-1

. f,fi(mil):k:flform§k§2(mfl)
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3 _
* fi—agm-1) =k —1for2m—1 <k<3(m-1)

* fi(n-1)m-1) = k — 1 for (m—1)n—m+2<k<
n(m —1)

o fl=mn.
Alld ( fzj ) #d (eg ) which implies that code ( ff ) Z# code (ef )

Hence, ir(L(nFy,)) < mn. The set {e'g 1< 5 <n,

1 < i < m} produce a clique of order mn. Therefore,
Xir(L(nEy,)) > mn. Thus, x(L(nF,,)) = mn. O

Theorem 3.4. For m,n > 3, the irreqular chromatic num-
ber of n-fan graph is xir(C(nFy)) = n [2].

2 T

Proof. The vertex set V [C (nF),)] = {x al, e fij :

1<j<n,1<i<m}, where eg are the vertices converted
from the edges a?ag for1<j<n, 1<i<mand fij are
the vertices converted from the rim edges a'z a{ 41 of nkFy,
forl1<j<n, 1<i<m-1.

The coloring procedure of C(nFy,) as follows:

e =1

Case 1: m is even
o fl=n(Z)forl<j<n-1,1<i<m
o fP=n(Z)for1<i<m-—2

* fm=Jm1=1

° e%k_lzk-l—lforlSkS%



On irregular coloring of some generalised graphs

e =2 +k+1lforl<k<

ey =m+k+1forl1<k<

e 1 =Mnm-1)F+k+1for1<k<H -1

€5 = +k7+2f0r1<k
egk—m+k+2f0r1<k;

egk:(n— ) +k+2for1<k<__2

a%k_1=%+kfor1 <k<

agk,lzm—kkforlgk

ay, ,=m-1)F +kfor 1<k<%

aék:kforlgkg%

a3, =2 +kfor1<k<%
m
2

a3, =m+kforl<k<

< m
2
< m
2

m
2
< m
2

m
2

m
2
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.agk:(n—l)%—&—kforlgkg%

Case 2: m is odd
o fg:n[%] for1<j<n-—1,1<i<m
o [l=n[g|for1<i<m-—1

« fr=1
eel  =k+1forl1<k<[Z]
eeh =[] +k+1for1<k<[2]

D)
® egk71:2[%]+k+1f0r1§k§{%]

e =n-1)[2]|+k+2for 1<k<|Z|-1
ech =2

° a%k_lzkforlgkg[%w

o ay = [F]+kfor1<k<[H]
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o, =2[%] +hfor 1<k < [%]

d agk—1:(”—1)[%w+k:for1§k§[%w
e al, =kfor1<k<|%Z]
o a =[] +kfor 1 <k<|Z]

o a3y =2[%| +kfor 1 <k<|[Z]

o af=(n—1)[]+kfor 1 <k<|[F

Alld (ag) #d (eg) which implies that code (aﬁ) # code (ef)
It is clear that the above coloring is an irregular coloring.
Hence, xir(C(nFy)) <n f%] The set {agi_l :
1<j<n, 1<i<[%2]} produce a clique of order n [
thus xir(C(nFp)) > n[%]. Therefore, xir(C(nFp))

nl%]

J—

)

0l

4 Irregular Coloring of Splitting graph
and Mycielskian graph of any graph

Theorem 4.1. For any graph G, the irreqular chromatic
number er(S(G)) = Xifr(G)'

Proof. Let {v; : (1 <1i < n)} be the vertex set of the graph
G and assume that graph G has an irregular coloring par-

tition. Let {vi,v; (1< < n)} be the vertex set of split-
ting graph of G, ie., S(G). The degree of the vertices
d(v;) = 2d(v;), assume that same colors assigned to v; and
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v;. Here, d(v;) # d(v;). By equation (2), which implies

2
that code(v;) # code(v;). Hence the irregular chromatic

number, er(S(G)) = Xir(G)' O

Theorem 4.2. For any graph G, the irreqular chromatic
number xip (1(G)) = xir(G) + 1.

Proof. Let {v; : (1 <i <mn)} be the vertex set of the graph
G and assume that graph G has an irregular coloring par-
tition. Let {vl-,v;,w (1<i< n)} be the vertex set of
mycielskian graph of G, i.e., u(G). The degree of the ver-
tices d(v;) = 2(d(v;) —1), assume that same colors to v; and
v; and a new color to the vertex w. Here, d(v;) # d(v)).
By equation (2), which implies that code(v;) # code(v,).
Hence the irregular chromatic number,

Xir(W(G)) = xir(G) + 1.
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